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The aim of this wok is to show how the weak compactness in the L1(X, m) space
may be used to relate the existence of a SobolevOrlicz imbedding to the L2(X, m)-
spectral properties of an operator H. In the first part we show that a Sobolev
Orlicz imbedding implies that the bottom of the L2-spectrum of H is an eigenvalue
(i.e. the existence of the ground state) with finite multiplicity, provided m is finite.
In the second part we prove that for a large class of operators, namely those for
which Persson’s characterization of the bottom of the essential spectrum holds true,
a SobolevOrlicz imbedding always implies the discreteness of the L2-spectrum
of H, provided m is finite. In the third part we show a certain converse of this last
result in the sense that the discreteness of the L2-spectrum of H always implies the
existence of an Orlicz space for which a SobolevOrlicz imbedding holds true
for H. The case of logarithmic Sobolev inequalities is considered and provides the
original motivations for this research.  2000 Academic Press
Key Words: SobolevOrlicz imbeddings; logarithmic Sobolev inequalities; weak
compactness; Persson’s operator; discrete spectrum; essential spectrum; Dirichlet
form.
1. INTRODUCTION
The purpose of this research is to investigate the relationships between
SobolevOrlicz imbeddings and various characteristics of the spectra of
the operators involved, such as boundedness, existence of the ground
state and discreteness. This will be achieved trying to impose only
general assumptions on the measure spaces and the operators under con-
sideration.
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Our justification for this generality is that, in the literature, starting from
the classical SobolevGagliardo imbeddings theorems and the Rellich
Kondrachov compactness theorems in Euclidean domains, a lot of effort
has been made in proving SobolevOrlicz imbeddings for operators with
(in some sense) singular coefficients on more general Polish spaces (see
[BE, CS, HS, SZ, Z]).
In this sense we hope the present work contributes to the understanding
of the spectral properties of those operators occurring in the infinite
dimensional analysis, notably Malliavin calculus, large deviations and
the general theory of Dirichlet forms (see, for example, [BH, DeSt,
FOT, MR]).
We would like to remark that the first examples of operators and spaces
falling in the above setting are found in the works of L. Gross on the exist-
ence and uniqueness of the ground state for physical Hamiltonians in
quantum field theories [G2] and in the theory of logarithmic Sobolev
inequalities [G1] (in this direction see also [S]).
Later on in the paper, we will clarify why these two papers contain the
main motivations for the present investigation.
The paper is organized as follows. Later on in this introduction we will
discuss a series of examples illustrating the various possibilities one can
have concerning imbeddings and spectra. In Section 2 we recall the defini-
tion of Orlicz spaces and the definition of SobolevOrlicz imbedding as
well as a first result showing that on nonatomic measure spaces, a Sobolev
Orlicz imbedding implies that the operator is unbounded. In Section 3 we
show that, on a finite measure space, a SobolevOrlicz imbedding implies
that the bottom of the spectrum is a discrete eigenvalue, provided the
quadratic form of the operator is a semi-Dirichlet form. In Section 4 we
prove that, on a finite measure Lusin space and for Persson’s operators, a
SobolevOrlicz imbedding implies that the spectrum is a discrete. We then
show how this applies to local Dirichlet forms on locally compact, separable
metric spaces. Finally, in Section 5 we prove a converse of the above theorem
showing that, when the measure is finite, the discreteness of the spectrum
implies the existence of an Orlicz space in which the form domain of the
operator is countinuously imbedded.
During the first draft of this work, L. Gross communicated to us that
some of the contents of Sections 4 and 5 were under investigation by
Y. Wang (see [W]). There the setting is that of symmetric diffusions on
Riemannian manifolds or symmetric jump processes, with bounded growth,
on probability spaces. We notice also that the techniques are completely
different from those used in the present paper.
In the paper, unless otherwise stated, X will denote a countably generated
Borel space and m a _-finite measure on it. We will denote by & }&p , for
1 p, the norm of the Lebesgue spaces L p(X, m).
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To motivate the study of the relations between SobolevOrlicz imbeddings
and the spectrum let us consider the following examples.
Example 1.1 (Classical Sobolev inequalities). Let us consider as X a
Euclidean domain D/Rd, d3 and its Lebesgue measure m. A classical
Sobolev inequality (see [D]) states that, for some constant c>0
&u&2pc &{u&
2
2 (1.1)
for p=2d(d&2) all u in the Sobolev space W 1, 20 (D), the completion of
Cc (D) in the norm &u&1, 2=&u&2+&{u&2 . The form appearing in the r.h.s.
of (1.1), E[u]=&{u&22 , is the quadratic form of the Laplace operator &2D
on L2(X, m) subject to Dirichlet boundary conditions on the complement
of D: E[u]=&(&2D)12 u&22 . It is well known that &2D has a nonnegative
discrete spectrum under a variety of conditions on D. This always holds if
D is bounded. If the boundary D is sufficiently regular (a uniform external
ball condition is sufficient), the spectrum is discrete if and only if the
distance function from D vanishes at infinity (see [D]). General necessary
and sufficient conditions on D for the discreteness of the spectrum of &2D
can be stated in terms of various capacitary set functions associated to
&2D (see [M, EE]).
A Sobolev inequality of the above form does not necessarily hold if we
allow weights to appear in the reference measure m or if we deal with
weighted Sobolev spaces.
Example 1.2 (Weighted Sobolev spaces on Euclidean spaces). Let
consider now the case where X=Rd, d1, with its usual Lebesgue structure
and, for _>0, the measure m_(dx)=#_ } e&(1+|x|
2) _2 } dx, where the constant
#_ is suitably chosen to normalize the measure. Let H_ be the nonnegative self-
adjoint operator on L2(X, m_) whose associated quadratic form is E_[u]=
X |{u|
2 } m_(dx), defined on the weighted Sobolev space F_=[u # L2(X, m_) :
X |{u|
2 } m_(dx)<]. It is well known that the spectrum of H_ is discrete
if and only if _>1. Moreover, for _2 a Sobolev inequality
&u&2pc } E_[u] u # F_ (1.2)
does not hold true, for some finite constant c, for any p>2.
However, for _2 there exists a constant c_>0 such that a logarithmic
Sobolev inequality holds true:
|
X
|u|2 log |u|2 } dm_c_ } E_[u]+&u&22 } log &u&22 u # F_ . (1.3)
91SOBOLEVORLICZ IMBEDDINGS
Finally, in the case _ # (1, 2), Eq. (1.3) is false for any finite c_ (a discussion
on the spectra of this family of operators can be found in [DeSt]). In other
words, the weighted Sobolev space F_ is imbedded in the Orlicz space L2
log L if and only if _2 and cannot be imbedded in the Orlicz space L p
for any p>2. Notice that for all _>0, zero is the bottom of the spectrum
of H_ and, moreover, is a nondegenerate eigenvalue; in fact E_[u]=0 if
and only if u is constant.
The case _=2 in the above example is of particular importance since the
measure m2 is the Gaussian measure and H2 is the generator of the
OrnsteinUhlenbeck semigroup. As we recall in the following example, it
can be generalized to infinite dimension providing the motivating example
for L. Gross’ investigation [G1] of logarithmic Sobolev inequalities.
Example 1.3 (Hyper-ultracontractivity, log-Sobolev inequalities). Let
e&tH be a symmetric Markov semigroup on L2(X, m) with generator
(H, D(H)) and associated Dirichlet form (E, F). By duality and interpola-
tion it extends to a positivity preserving, contractive semigroup on each
L p(X, m) for 1 p. It is strongly continuous for 1 p< and
weak*-continuous for p=. It is said to hypercontractive if there exists
t>0 such that e&tH is bounded from L2 to L4. Again by interpolation, in
that case, for every 1< pq< there exists T :=T( p, q)< such that
e&tH is a contraction from L p to Lq. A stronger contractive property is the
following one: e&tH is said to be ultracontractive if it is bounded from L2
to L, or equivalently from L1 to L, for all t>0.
Now assume (X, m) to be a finite measure space. In his paper on the exist-
ence of physical ground states in quantum field theories [G2], L. Gross
proved that the bottom of the spectrum *0 :=inf _(H) of the generator of
a hypercontractive semigroup is an eigenvalue of finite multiplicity (i.e., *0
belongs to the discrete spectrum _discr(H)). Moreover, if the semigroup is
ultracontractive, E. B. Davies and B. Simon proved in [DS] that the
spectrum of H is discrete: _(H)=_discr(H). In particular, for every t>0,
e&tH has finite trace, it is compact on L p for every 1 p, and the
spectrum of the L p-generator is independent of p. The connection between
the above contraction properties with Sobolev inequalities relies on the
Gross’ theory of logarithmic Sobolev inequalities. Hypercontractivity is in
fact equivalent to a logarithmic Sobolev inequality
|
X
|u|2 log |u|2 dmc(E[u]+# &u&22)+&u&
2
2 log &u&
2
2 (1.4)
for all u in the domain of the Dirichlet form (E, F) and some constants
c>0 (the Sobolev coefficient), # # R (the local norm).
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Ultracontractivity can be deduced from a one parameter family of
logarithmic Sobolev inequalities
|
X
|u|2 log |u|2 dm=E[u]+;(=) &u&22+&u&
2
2 log &u&
2
2 \=>0 (1.5)
for certain good continuous functions ;: R+  R. Moreover, if the semi-
group is conservative (i.e., e&tH1=1 for every t>0 or equivalently 1 # F
and E[1]=0) then a logarithmic Sobolev inequality, or equivalently
hypercontractivity, implies that there is a gap above *0=0 in the spectrum
of H: _(H)/[0] _ [*, ) for some 0<*<.
Example 1.4 (Second quantization and infinite dimensional Dirichlet
forms). Consider a separable complex Hilbert space h and C a conjuga-
tion on it (i.e., an antilinear isometry such that C 2=I ). Its associated Fock
space is defined as F(h)=}n0 hn, where hn denotes the n-fold tensor
product hh } } } h of h by itself, for n1 and simply C for n=0. Let
Ps be the projection on F(h) defined by Ps(!1 !2  } } } !n)=(n !)&1_
? !?1 !?2  } } } !?n on each h
n for n0. The sum is over all permuta-
tions ? of [1, 2, ..., n]: ?(1, 2, ..., n)=(?1 , ?2 , ..., ?n).
The Hilbert BoseFock space, defined as Fs(h) :=PsF(h), is isomorphic
to a Gaussian complex space L2(X, m), where X is a suitable Frechet space
(one can take as X the projective limit of the system of all finite dimen-
sional C-invariant subspaces of h) and m is a Gaussian probability measure
on it (see [RS1]). Under this isomorphism the vacuum vector 100 } } }
corresponds to the constant function 1 # L2(X, m).
Let us consider a nonnegative self-adjoint operator (H, D(H)) on h
which commutes with C. Its second quantization (d1(H), D(d1(H))) is
defined as the self-adjoint extension of the operator which, on each hn with
n1, acts as
d1(H)(!1 !2  } } } !n)= :
n
i=1
!1 !2  } } } H!i  } } } !n (1.6)
on the vectors !1 !2  } } } !n # D(N)n & Fs(h) and vanishes on h0=C.
This is a nonnegative operator which generates a conservative Markov
semigroup e&td1(H) on L2(X, m), which is itself the second quantization
1(e&tH) of the contraction semigroup e&tH on h,
#(e&tH) !1 !2  } } } !n=e&tH!1 e&tH!2  } } } e&tH!n , (1.7)
for all vectors !1 !2  } } } !n # D(N)n & Fs(h).
Moreover, as soon as HmI for some m>0, this semigroup is hyper-
contractive in the sense that is contractive from L2 to L p for some p>2
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and all tTp>0, for a suitable Tp>0 depending on p (see [N, RS2]). By
Gross’ theory such smoothing property is indeed equivalent to a logarithmic
Sobolev inequality,
|
X
|u|2 log |u|2 dmc } E[u]+&u&22 log &u&
2
2 , (1.8)
for some c>0 and all u in the domain of the quadratic form E[u]=
&(d1(H))12 u&22 associated to the generator d1(H).
Directly form its definition one has that the spectrum of d1(H)) has a
gap of size m above zero which is itself a nondegenerate eigenvalue.
Moreover, it is easy to see that the spectrum of d1(H)) is discrete if and
only if the spectrum of H is discrete.
Let us consider, for example, the case in which H is simply the identity
operator on h. N :=d1(I ), called the number operator, is the generator of
the OrnsteinUhlenbeck (or Gaussian) semigroup on L2(X, m). When h=C
this reduces to the classical OrnsteinUhlenbeck semigroup on L2(R, m2),
the quadratic form of which has already been considered in Example 1.2
and denoted by (E2 , F2). In general, the spectrum of N coincides with N
and the eigenspace associated to the eigenvalue n # N is just hn (the n-particle
subspace). However, while 0 # N is always a nondegenerate eigenvalue, the
spectrum is discrete if and only if h is finite dimensional. In fact, otherwise,
each n # N* is an infinitely degenerate eigenvalue. More precisely, if the
dimension of h is infinite, the discrete spectrum _discr(N) reduces to [0]
and the essential spectrum _e(N) reduces to N*.
Summarizing we have seen that, in general, a SobolevOrlicz imbedding,
in particular a logarithmic Sobolev inequality, does not imply the discrete-
ness of the spectrum (even on finite measure spaces).
2. ORLICZ SPACES AND SOBOLEVORLICZ IMBEDDINGS
In this section we briefly recall some of the properties of Orlicz spaces
(for which we refer to [KR]) as well as the definition of what we mean by
a SobolevOrlicz inequality or imbedding. Notice that, while the theory of
Orlicz spaces developed in [KR] deals with open subsets of Rn (endowed
with the Lebesgue measure) only, all the general results that we will use
can be easily generalized to treat a countably generated Borel space X
endowed with a _-finite measure m. As usual we will not distinguish between
a function and its equivalence class modulo m-negligible functions.
A function 8: [0, )  [0, ) is called a Young’s function if it is convex
and such that limt   8(t)t=. A Young’s function 8 is called an
N-function if limt  0 8(t)t=0.
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Let ,: [0, )  [0, ) be the right derivative of 8 and  its right
inverse. The function : [0, )  [0, ) whose right derivative is  is a
Young’s function too, called the complementary Young’s function of 8. If
8 is an N-function, 9 is an N-function too. It is easy to see that 8 is the
complementary Young’s function of 9. From now on 8 and 9 will always
denote a fixed pair of mutually complementary N-functions. For such a
pair the following Young’s inequality holds true:
st8(s)+9(t) \s, t0. (2.1)
The Orlicz class L8V (X, m) is the set of those m-measurable functions a on
X such that
\(u, 8) :=|
X
8( |u| ) dm<. (2.2)
In general it is just a convex set and not a linear space. The Orlicz space
L8(X, m) is the set of those m-measurable functions u on X such that
} |X u } v dm }< (2.3)
for all v # L
*
9(X, m). It is always a linear space and coincides with the linear
hull of the Orlicz class L
*
8(X, m). Setting, for u # L8(X, m),
&u&L8(X, m) := sup
\(u, 8)1 } |X u } v dm } (2.4)
we endow L8(X, m) with a norm under which it is Banach space. If no
confusion can arise, we will denote the Orlicz space and its norm simply by
L8 and & }&8 , respectively. Since, in practice, it can be difficult to estimate
the norm of an Orlicz space by its very definition, it is useful to introduce
the so-called Luxenburg norm defined as-follows:
&u&(8) :=| [*>0 : \(u*, 8)1]=inf {*>0 : |X 8( |u|*)1= .
This is an equivalent norm satisfying
&u&(8)&u&82 &u&(8) (2.6)
for all u # L8.
We finally recall that an Orlicz space is separable if and only if 8 is
moderate in the sense that 8(2t)c8(t) for all tt0 and some constants
c>0, t00 (the so called 22-condition of [KR]). Moreover, if this is the
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case, the Orlicz space is reflexive if and only the complementary function
is moderate too.
Let us consider some example of Orlicz spaces. The N-function 8(t)=t pp
is moderate for every fixed p>1. Its complementary (moderate) N-function is
8(t)=tqq where p&1+q&1=1 and the Orlicz space L8(X, m) is simply
the usual L p(X, m), normed by &u&L8(X, m)=qq &u&Lp(X, m) . The function
8(t)=t p log:(1+t) is a moderate N-function for every p>1 and :0.
Recall that given a semibounded, self-adjoint operator (H, D(H)) on
L2(X, m), its associated quadratic form (E, F) is defined as E[u] :=
&(H+*0)12 u&22&*0 &u&
2
2 for u # F :=D((H+*0)
12, where *0 :=inf _(H).
Definition 2.1. Let X be a countably generated Borel space and let m
be a _-finite Borel measure on it. Let (H, D(H)) be a semibounded, self-
adjoint operator on L2(X, m) with associated quadratic form (E, F). By a
OrliczSobolev imbedding for H we mean that the following relation holds
true
&u2&8c } (E[u]+# &u&22) u # F (2.7)
for some fixed N-function 8 and constants c>0, # # R. For example, the
N-functions 8(t)=t pp are related to classical Sobolev inequalities while
the N-functions 8(t)=t p log:(1+t) are related to logarithmic Sobolev
inequalities. SobolevOrlicz imbeddings have been considered in the literature
in [A1, A2, BG, G1, H, M].
The following simple result establishes a first relationship between Sobolev
Orlicz imbeddings and the spectrum.
Lemma 2.2. Suppose that for a semibounded, self-adjoint operator (H, D(H))
a SobolevOrlicz imbedding holds true. Then if H is bounded the measure
space is atomic. Otherwise stated, if the measure space does not contains
atoms, H (hence its spectrum) is unbounded.
Proof. Since H is bounded we may consider, with no loss of generality,
that the SobolevOrlicz imbedding reduces to
&u2&8&u&22 u # L2(X, m). (2.8)
Let E/X be a Borel set of positive, finite measure. Applying the above
inequality to the indicator function /E we get &/E&8m(E). By [KR,
Lemma 9.2] X 8(/E &/E&8) dm1, so that by Jensen’s inequality we
have
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1|
X
8(/E &/E&8) dm|
X
8(/E m(E)) dm
=|
E
8(/Em(E)) dmm(E) 8 \ 1m(E)+ .
Since, by definition, we have limt   8(t)t=, we get from the above
estimate a lower bound on m(E), independent on E. K
3. EXISTENCE AND DISCRETENESS OF THE GROUND STATE
In this section we prove that, in a finite measure space, the bottom of the
spectrum of a semibounded, self-adjoint operator H, for which a Sobolev
Orlicz imbedding holds true, is an eigenvalue of finite multiplicity, provided
the quadratic form corresponding to H is a semi-Dirichlet form or, equiv-
alently, by the first BeurlingDeny criterion (see (D)), H generates a positivity
preserving semigroup. The result can be considered as an infinitesimal version
and an infinite-dimensional generalization of the PerronFrobenius theorem
concerning nonnegative matrices. It extends a well-known result of L. Gross
[G2] and is based on the weak compactness of certain subsets of L1.
Theorem 3.1 (Existence and discreteness of the ground state). Let (X, m)
be a countably generated Borel space of finite measure. Let (H, D(H)) be a
self-adjoint operator on L2(X, m) and denote by (E, F) the corresponding
quadratic form. Suppose that (E, F) is a semi-Dirichlet form
E[ |u|]E[u] \u # F, (3.1)
and that for some N-function 8 a SobolevOrlicz embedding holds true
&u2&8c } (E[u]+# } &u&22) \u # F. (3.2)
Then *0 :=inf _(H) is an eigenvalue of finite multiplicity.
Proof. First notice that the lower bound of the spectrum of H is an
eigenvalue of finite multiplicity if and only if for some, hence all, constants
c>0, # # R, the lower bound of the spectrum of c(H+#) is an eigenvalue
of finite multiplicity. Then, with no loss of generality, we can suppose in
(3.2) c=1 and #=0. This implies in particular that H0, _(H)[0, )
and *00.
Since H is self-adjoint *0 :=inf _(H) # _(H) so that - *0 # _(- H) and
there exists a normalized sequence [un]n=1 /D(- H)=F such that
&- Hun&- *0 un&  0. In particular supn E[un]=supn &- Hun&22< and
97SOBOLEVORLICZ IMBEDDINGS
[un]n=1 is a minimizing sequence for E over the unit sphere of L
2 (notice
that *0E[un] for all n):
lim
n
(E[un]&*0)lim
n
(*0+E[un]) &- Hun&- *0un&2=0.
Moreover, by the semi-Dirichlet property we have that [ |un |]n=1 # F
satisfies the same property:
lim
n
&- H |un |&- *0 |un |&22=lim
n
[E[ |un |]+*0&2 - *0(- H |un |, |un | )]
lim
n
[E[un]+*0&2 - *0 - *0]
=lim
n
[E[un]&*0]=0.
We can then suppose un0 for all n. Let u be the weak limit in L2 of some
subsequence of [un]n=1 (which will be denoted by the same symbol). Since
L2+ is closed and convex, by Mazur’s theorem, it is also weakly closed so
that u # L2+ . Since the operator (- H, F) is closed in L2, its graph is a
closed and convex subset of L2 L2; hence, by Mazur’s theorem again, it
is also weakly closed and (- H, F) is a closed operator on L2 endowed
with its weak topology. Since un  u weakly in L2 and, by the defining
property of [un]n=1 , - H un  - *0 u weakly in L2, we have that - H u=
- *0 u and then Hu=*0 u. We have only to prove that u{0. By (3.2) we
have
sup
n
&u2n&8c } (E[un]+# } &un&2)<,
so that supn X 8(u
2
n k) dm<. By the la Valle e Poussin theorem (see
[DM]), [u2n]

n=1 is a uniformly integrable subset of L
1 and then, by the
DunfordPettis compactness criterion, relatively _(L1, L)-compact too.
We can extract a subsequence (denoted by the same symbol again) _(L1, L)-
converging to some w # L1+ . Moreover, we have &w&1 = X w dm =
limn u2n dm=limn &un &
2
2=1 so that, in particular, w{0. Since un  u
weakly in L2 and the measure is finite, un  u weakly in L1. If u=0 we
would have 0=u=lim infn un and then un  0 in L1. This would imply
that for some subsequence u2n  0 m-a.e. on X, which is impossible since the
weak limit of u2n in L
1 is w{0.
Suppose now that the multiplicity of *0 is not finite and consider an
orthonormal base [vn]n=1 for the associated eigenspace. Since vn0 m-a.e.
for all n, the orthogonality relation implies that m(En & Em)=0 for all
n{m, where En :=[x # X : vn(x)0]. Since the measure is finite this
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implies that lim infn m(En)=0. On the other hand, by (3.2), the definition
of En , and Jensen’s inequality we have, for all n=1, ..., :
c(*0+#)=c(E[vn]+# &vn&22)
|
X
8(v2n) dm=|
En
8(v2n) dmm(En) 8 \ 1m(En)+ .
This is a contradiction in view of the property limt   8(t)t= so that
the proof of the theorem is complete. K
Example 3.2 (Logarithmic Sobolev inequalities). A logarithmic Sobolev
inequality, satisfied by a quadratic form (E, F),
|
X
u2 log u2 dmc(E[u]+# &u&22)+&u&
2
2 log &u&
2
2 u # F,
can be seen as a SobolevOrlicz imbedding of F into the Orlicz space L8,
corresponding to the N-function 8(t)=t2 log(1+t2) (see [BG, Proposi-
tion 4.1]). Then, the above theorem applies providing an infinitesimal
version of Gross’ theorem on the existence and discreteness of the ground
state for the generator of a positive preserving, hypercontractive semigroup.
However, in this particular case, the line of reasoning we used in the
theorem above can be applied directly to the logarithmic Sobolev inequality,
avoiding the passage through the equivalent SobolevOrlicz imbedding.
Notably, the part of the proof depending on Jensen’s inequality applies
directly to the convex function 8(t)=t log t which is not a Young’s function.
In this case inequality (3.3) explicitly reads
c(*0+#)log
1
m(En)
,
which implies the bound Mm(X) ec(*0+#) on the multiplicity M of *0 .
4. A SOBOLEVORLICZ IMBEDDING IMPLIES
THE DISCRETENESS OF THE SPECTRA
OF PERSSON’S OPERATORS
The purpose of this section is to investigate to what extent a Sobolev
Orlicz imbedding implies the discreteness of the spectrum of the operator
involved.
This cannot hold in complete generality even if we restrict our attention
to finite measure spaces. Consider, for example, the generator of an
OrnsteinUhlenbeck semigroup as in Examples 1.2 and 1.3 of Section 1.
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The Gaussian measure #d is finite both on the locally compact, finite
dimensional space Rd, d # N*, as well as on the Frechet space R.
However, in the first case the spectrum is discrete while in the second case
it has a nonempty essential part _ess(H)=N*, which consists of eigen-
values with countable multiplicity. The following one represents a large
class of operators for which the above mentioned implication holds true.
To state the main result of this section we have restrict slightly the
category of the measure space (X, m).
Definition 4.1 Let X be a Lusin space and m a positive Radon
measure on it having full topological support. A semibounded, self-adjoint
operator (H, D(H)) on L2, with associated quadratic form (E, F), is called
a Persson’s operator if
inf _ess(H)=sup[7(K): K/X compact] (4.1)
where
7(K) :=inf[E[u]&u&22 : u # F"[0], supp(u)/K
c]. (4.2)
Recall that a Lusin space is a topological space whose topological Borel
structure is Borel isomorphic to a Borel subset of a compact metrizable
space. This implies that the Borel structure is countably generated. Borel
subsets of Polish spaces (separable, complete metric spaces) are Lusin spaces.
We shall discuss the degree of generality of the present definition after
the proof of the main result of this section.
Theorem 4.2. Let X be a Lusin space and m a positive, finite Radon
measure on it having full topological support. Consider a Persson’s operator
such that the corresponding quadratic form (E, F) on L2(X, m) verifies a
SobolevOrlicz imbedding
&u2&8c(E[u]+# &u&22) u # F (4.3)
for some N-function 8 and some constants c>0, # # R. Then H has empty
essential spectrum _ess(H)=<, i.e., the spectrum of H is discrete _(H)=_discr(H).
Proof. As in the proof of Theorem 3.1 we may suppose c=1 and #=0.
For u{0 (5.2) can be rewritten as
" u
2
E[u]"8 1.
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By the properties of the norm of the Orlicz space L8 this implies that
|
X
8 \ u
2
E[u]+ dm1.
Let us fix now a compact set K/X. Then, by Jensen’s inequality, for all
u # F"[0] such that supp(u)/K c we have
1|
X
8 \ u
2
E[u]+ dm=|Kc 8 \
u2
E[u]+ dm
m(K c) } 8 \ 1m(K c) |Kc
u2
E[u]
dm+
=m(K c) } 8 \ 1m(K c)
&u&22
E[u]+ .
Since 8 is strictly monotone increasing we can rewrite the above inequality
as follows
8&1(m(K c)&1)m(K c)&1 }
&u&22
E[u]
(4.4)
and finally as
E[u]
&u&22

m(K c)&1
8&1(m(K c)&1)
.
This shows that, for any compact set K/X, we have the lower bound
7(K)
m(K c)&1
8&1(m(K c)&1)
. (4.6)
Since limt  0 8(t)t= we have lims  0 s8&1(s)= and then, since m is
a Radon measure and H is a Persson’s operator, inf _ess(H)= so that
_ess(H)=< and _(H) is discrete. K
Example 4.3 (Logarithmic Sobolev inequalities continued). By the
remarks we made in Example 3.2 the theorem applies to the case of logarithmic
Sobolev inequalities. Moreover, in this case the proof can be shortened
along the same lines of reasoning.
Remark 4.4. By a different proof (partly based on [A1, Theorems 8.22,
8.23]), a special case of Theorem 4.2 has been shown by J. G. Hooton in
[H, Proposition 2.3]. He considered weighted Sobolev spaces on unbounded
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Euclidean domains X with smooth boundary, endowed with finite measures
in the Lebesgue class.
Operators verifying Definition 4.1 were first studied by A. Persson [P].
He considered Schro dinger operators on Euclidean domains with Dirichlet
boundary conditions for a large class of potentials (including most of the
Kato’s class). Later S. Agmon [Ag] (see also L. Garding [Ga]) extended
Persson’s results so as to consider more general self-adjoint realizations of
second order, elliptic, differential operators. Recently, these results have
been further extended by G. Grillo [Gr] in the direction of the theory of
Dirichlet forms.
Here we state a generalization of the main result of [Gr] so as to include
a potential part in the operators considered.
Let X be a locally compact, separable, metric space and m a positive
Radon measure on it having full topological support. Recall that a
Dirichlet form (see [FOT]) (E, F) is a densely defined, closed quadratic
form E on L2(X, m) with domain F, satisfying the contraction property
E[u 7 1]E[u] u # F.
The form is called
v regular if F & C0(X) is a form core which is dense in C0(X) in the
uniform norm also;
v local if E(u, v)=0 whenever u, v # F and uv=0;
v strongly local if E(u, v)=0 whenever u, v # F and u is constant in
a neigborhood of the support of v. The energy measures +(u, u) u # F of a
strongly local, regular Dirichlet form are defined by
|
X
f } d+(u, u)=2E(u, u)&E(u2, f ) u, f # F & C0(X),
where +(u, u)m means that +(u, u) is absolutely continuous with respect
to m and its RadonNikodym derivative is m-a.e. less or equal to 1. They
have the property that E[u]=+(u, u)(X) for u # F.
The intrinsic pseudo-metric on X associated to a strongly local, regular
Dirichlet form (see [BM]) is s then defined as follows:
d(x, y)=sup[ |u(x)&u( y)| : u # F & C0(X), +(u, u)m].
By the BeurlingDenyLe Jan theorem [FOT, Theorem 3.2.1] a local,
regular Dirichlet form (E, F) can be uniquely written as follows
E[u]=E(c)[u]+|
X
u2 dk u # F,
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where the form E(c) is strongly local and k is positive Radon measure on
X (the so-called killing or potential part).
Example 4.5. In case (X, m) is a Riemannian manifold endowed with
its Riemannian measure and , is a measurable function on X such that the
Markovian form
E(u, u) :=|
X
|{u|2 } ,2 dm u # F :=C c (X)
is closable on L2(X, ,2 } m), then the closure of E is regular and strongly
local and the intrinsic pseudo-metric coincides with the original Riemannian
distance of X.
Theorem 4.6. Let (X, m) be a locally compact, separable, metric space and
(E, F) a regular, local Dirichlet form on L2(X, m). Suppose that the intrinsic
pseudo metric associated to the strongly local part of (E, F) is a true metric
generating the original topology of X. Then the self-adjoint operator (H, D(H))
associated to (E, F) is a Persson’s operator.
Proof. We can still apply the reasoning of the proof of [Gr, Theorem 1]
noticing that the extra term given by the killing measure does not create
any problems in those calculations. K
Remark 4.7. We conclude this section with some remarks comparing
the spectral properties of the generators Hd , d # N* _ [], of the Ornstein
Uhlenbeck (Gaussian) semigroups treated in Example 1.4 with Theorems
4.2 and 4.6.
In finite dimension d # N*, Rd is a locally compact, Polish space, the
Gaussian measure #d is a Radon measure with full topological support, the
quadratic form of Hd is a strongly local, regular Dirichlet form whose
intrinsic pseudo-distance is the usual Euclidean distance, and a logarithmic
Sobolev inequality holds true. We can then apply Theorems 4.2 and 4.6
confirming that the spectrum of Hd is discrete, as we observed in Example 1.4.
In the infinite dimensional case, since R is still a Lusin space, the infinite
dimensional Gaussian measure # is a Radon measure with full topological
support, and a logarithmic Sobolev inequality holds true, the fact that the
spectrum of H is now not discrete, implies, in view of Theorem 4.2, that
H is not a Persson’s operator.
On the other hand one notices that the quadratic form of H is still a
strongly local, regular Dirichlet form (these can be considered on Lusin
spaces also, see [FOT, Chap. 7]), but R is no longer locally compact.
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5. DISCRETE SPECTRUM ALWAYS IMPLIES
A SOBOLEVORLICZ IMBEDDING
In this section we prove a converse of the Theorem 4.2: the form domain
of a semibounded, self-adjoint operator on L2(X, m), (X, m) being a
countably generated Borel space with finite measure, is countinuously
imbedded in a suitable Orlicz space.
Theorem 5.1. Let (X, m) be a countably generated Borel space of finite
measure, (H, D(H )) a semibounded, self-adjoint operator on L2(X, m) with
discrete spectrum, and *>inf _(H). Then there exists an N-junction 8 such
that the form domain F of H is countinuously imbedded in the Orlicz space
L8(X, m). More explicitly, the following SobolevOrlicz imbedding holds
true
&u2&8c(E[u]+* &u&22) u # F (5.1)
for some c>0. Moreover, , can be chosen to be moderate so that L8(X, m)
is separable.
Proof. In the following we will consider the form domain F endowed
with its Banach norm &u&*=- E[u]+* &u&2. Since H has discrete spectrum
it has compact resolvent so that the imbedding of its form domain F into
L2(X, m) is compact and the unit ball B=: [u # F: &u&*1] of F is
relatively compact in L2(X, m). Consider now the map
p: L2(X, m)  L1(X, m) p(u) :=u2, u # L2(X, m). (5.2)
The CauchySchwartz inequality implies that &p(u)& p(v)&1&u+v&2 }
&u&v&2 for all u, v # L2(X, m) so that p is continuous and
J=: p(B)=[u2 # L1(X, m) : u # F, &u&*1] (5.3)
is relatively compact in L1(X, m). Since the weak topology _(L1, L) is
weaker than the norm topology of L1, J is relatively _(L1, L)-compact
too and then, by the DunfordPettis’s compactness criterion, J is a uniformly
integrable subset of L1(X, m). By la Valle e Poussin’s criterion [DM] and
P. A. Meyer’s improvement [Me], there exists a moderate Young’s func-
tion 8 such that
sup
v # J
|
J
8(v) dm=sup
u # B
|
X
8(u2) dm<. (5.4)
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We can suppose 8 to be an N-function, i.e., to satisfy limt  0 8(t)t=0.
Otherwise we can modify 8 on a suitable interval of type [0, t0], for some
t0>0, to get an honest N-function without affecting (5.4). Moreover, by
[KR, Theorem 13.3], different modifications provide the same Orlicz space
with equivalent norms. Possibly scaling 8 we can also suppose the r.h.s. of
(5.4) to be 1. This means that for u # F"[0] we have
sup
u # F"[0]
|
X
8 \ u
2
E[u]+* &u&2+ dm1. (5.5)
By the very definition of the Luxenburg norm, we then have &u2&(8)
E[u] + * &u&2 and finally, by (2.7), &u2 &8  2( E[u] + * &u&2 ) which
conclude the proof of the theorem. K
We conclude this work with a final remark on the Orlicz space setting
we used in the formulation of our results, which would help the reader in
comparing the present approach with the one used in [W]. Namely, as we
already emphasized for the case of logarithmic Sobolev inequalities in
Examples 3.2 and 4.3, we notice that in Lemma 2.2, Theorem 3.1, and
Theorem 4.2, the assumption of the existence of a SobolevOrlicz imbed-
ding can be equivalently replaced with the assumption of a corresponding
Nash-type inequality.
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